We compare two approaches to non-Markovian quantum evolution: one based on the concept of divisible maps and the other one based on distinguishability of quantum states. The former concept is fully characterized in terms of local generator whereas it is in general not true for the latter one. A simple example of random unitary dynamics of a qubit shows the intricate difference between those approaches. Moreover, in this case both approaches are fully characterized in terms of local decoherence rates. As a byproduct it is shown that entropy might monotonically increase even for non-Markovian qubit dynamics.
We compare two approaches to non-Markovian quantum evolution: one based on the concept of divisible maps and the other one based on distinguishability of quantum states. The former concept is fully characterized in terms of local generator whereas it is in general not true for the latter one. A simple example of random unitary dynamics of a qubit shows the intricate difference between those approaches. Moreover, in this case both approaches are fully characterized in terms of local decoherence rates. As a byproduct it is shown that entropy might monotonically increase even for non-Markovian qubit dynamics. Quantum dynamics is represented by the dynamical map, that is, a family of completely positive and trace preserving maps Λ t (t ≥ 0) such that Λ 0 = 1l. If ρ is an initial state of the system then ρ t = Λ t (ρ) defines evolution of ρ. This description provides generalization of unitary evolution Λ t (ρ) = U t ρU † t with unitary U t = e −iHt , where H represents the Hamiltonian of the system. Any departure from unitary evolution signals the nontrivial interaction of the system with an environment which is responsible for decoherence and dissipation processes [1] in open quantum system. The traditional approach to the dynamics of such systems consists in applying a suitable Born-Markov approximation leading to the celebrated quantum Markov semigroup [2] [3] [4] which neglects all memory effects. Recent theoretical activity and technological progress show the importance of more refine approach based on non-Markovian evolution. NonMarkovian quantum dynamics becomes in recent years very active field of both theoretical and experimental research (see e.g. recent papers [5] - [29] and references therein).
We shall call quantum evolution Markovian if the corresponding dynamical map Λ t is divisible [16] . Let us recall that Λ t is divisible if Λ t = V t,s Λ s and V t,s is completely positive and trace preserving for all t ≥ s, that is, it gives rise to 2-parameter family of legitimate propagators. The essential property of V t,s is the following (inhomogeneous) composition law V t,s V s,u = V t,u for all t ≥ s ≥ u. It should be stressed that Markovian dynamics (divisible map) is entirely characterized by the properties of the local in time generators L t , that is, if Λ t satisfiesΛ t = L t Λ t , then Λ t corresponds to Markovian dynamics if and only if L t has the standard form [2, 3] for all t ≥ 0, that is,
with time dependent Hamiltonian H(t) and noise operators V α (t). A different approach to Markovianity was proposed by Breuer et. al. [17] : authors of [17] define non-Markovian dynamics as a time evolution for the open system characterized by a temporary flow of information from the environment back into the system and manifests itself as an increase in the distinguishability of pairs of evolving quantum states:
where ||A|| 1 = Tr √ A † A denotes the trace norm. According to [17] the dynamics Λ t is markovian iff σ(ρ 1 , ρ 2 ; t) ≤ 0 for all pairs of states ρ 1 , ρ 2 and t ≥ 0. Contrary to divisible map this approach does not correspond to any composition law and is not characterized by the properties of local generator. It turns out that condition σ(ρ 1 , ρ 2 ; t) ≤ 0 is less restrictive than requirement of complete positivity for V t,s and one can construct Λ t which is non-Markovian (not divisible) but still gives rise to the negative flow of information (see [13] [14] [15] ).
In this report we provide a simple example of qubit dynamics for which the condition σ(ρ 1 , ρ 2 ; t) ≤ 0 is fully characterized by local generator. Consider the following random unitary dynamical map
where σ 0 = I, and σ 1 , σ 2 , σ 3 are Pauli matrices, and p α (t) is time-dependent probability distribution such that p 0 (0) = 1 which guarantee that Λ 0 = 1l. This map was recently investigated in [28] . It is clear that one may consider (2) as a family of Pauli channels. To answer the question wether Λ t is Markovian one has to analyze the corresponding local generator. To find L t =Λ t Λ −1 t one has to compute the inverse map Λ −1 t . Let us observe that
where the time-dependent eigenvalues are given by
with H αβ being the Hadamard matrix
Note that λ 0 (t) = 1 and |λ k (t)| ≤ 1 for k = 1, 2, 3. It is therefore clear that
where
and hence in particular µ 0 (t) = 0 due to λ 0 (t) = 1. Introducing
the local generator L t is given by
Finally, observing that
H αβ µ β (t) = µ 0 (t) = 0 , one arrives at the standard form
Hence Proposition 1 The random unitary dynamics (2) is Markovian iff
for all t ≥ 0.
Note, that (11) yields highly nontrivial conditions for probability distribution p α (t):
for k = 1, 2, 3 and t ≥ 0. The inverse relations yield
where A ij (t) = e −2[Γi(t)+Γj (t)] and we introduced
Let us recall [26] that if Λ t is Markovian then
for all Hermitian X. Taking X = σ k one obtains
and hence Markovianity of random unitary evolution (2) implies
for k = 1, 2, 3. One easily finds the following relations
and hence (15) implies
for all t ≥ 0. We stress that the above conditions are only necessary but not sufficient for Markovianity: (11) imply (16) Proof: let us consider ||∆ t || 1 , where ∆ t = Λ t (∆) and ∆ = ρ 1 −ρ 2 . Since ∆ is traceless one has ∆ =
k=1 λ k (t)x k σ k is traceless as well, and hence
It is therefore clear that (16) .
Consider now a general (not necessarily traceless) Hermitian X = x 0 I + ∆ with Tr ∆ = 0. Due to Λ t (I) = I one has X t = Λ t (X) = x 0 I + ∆ t . Let δ + (t) and δ − (t) denote the eigenvalues of ∆ t such that δ + (t) = −δ − (t) ≥ 0. The corresponding eigenvalues of X t read x ± (t) = x 0 ± δ + (t) and hence
Assuming x 0 > 0 (for x 0 < 0 the argument is analogous) one finds
and hence
for arbitrary Hermitian X. Interestingly, similar result holds for the entropy S(ρ t ). Note that Λ t (I) = I and hence S(ρ t ) ≥ S(ρ). Now, if Λ t is Markovian then To prove it observe that decomposing
with w = a + ib, one finds for the time evolution
where w(t) = e −Γ3(t) [e Γ1(t) a + ie Γ2(t) b]. Let x + (t) ≥ x − (t) be the corresponding eigenvalues of ρ t
One has
and hence A(t) ≤ 0 whenever (16) is satisfied. It is clear that similar result holds if we replace von Neumann entropy by Renyi or Tsallis generalized entropies [26] . Consider for example
This choice is perfectly legitimate since Γ 1 (t) = Γ 2 (t) = t ≥ 0 and Γ 3 (t) = 1 − cos t ≥ 0. The corresponding evolution is non-Markovian due to the fact that γ 3 (t) can be negative but the conditions (16) are satisfied. Hence, even if one time-dependent decoherence rate is periodic and takes strictly negative values both information flow and von Neumann entropy behaves perfectly monotonically as in the case of Markovian dynamics. Interestingly, if there are at most two decoherence channels, that is, at most two γ k (t) are non-vanishing, then (16) imply that γ k (t) ≥ 0 and hence (11) and (16) are equivalent. However, the relation between γ k (t) and probability distribution p α (t) is still quite complicated. If there is only one decoherence channel, say kth, that is γ l (t) = 0 for l = k, then
and p l (t) = 0 for l = k. In this case
and hence Markovianity is equivalent toṗ 0 (t) = −ṗ k (t) ≤ 0. This way we can fully characterize (non)Markovianity of the bit-flip (k = 1), phase-flip (k = 2), and phase-
where p(t) = i,j |ii jj| denotes canonical maximally entangled state). Such special qubit channels were recently analyzed in Ref. [27] . One has λ k (t) = p(t) for k = 1, 2, 3 and hence γ k (t) = −ṗ(t)/[4p(t)
which shows that the corresponding dynamics is Markovian iff d dt p(t) ≤ 0. It is clear that (2) may be generalized for arbitrary N > 2 as follows
where p kl (t) is time-dependent probability distribution, and U kl are generalized spin operators defined by
with ω = e 2πi/N (we add modulo N ). It is legitimate dynamical map provided p 00 (0) = 1 which guarantee that Λ 0 = 1l. Using
one finds Λ t (U ij ) = λ ij (t)U ij , with time-dependent eigenvalues
Note, that λ 00 (t) = 1 and |λ ij (t)| ≤ 1 for all t ≥ 0. Clearly one has λ ij (0) = 1 for all i, j = 0, . . . , N − 1. Introducing two N ×N matrices λ(t) and p(t) with matrix elements λ ij (t) and p ij (t), respectively, one can rewrite (28) in the following compact form
where F denote the matrix of the discrete Fourier transform, that is,
The corresponding time-dependent local generator L t reads
where ′ i,j = (i,j) =(0,0) , and
and µ ij (t) are eigenvalues of L t which are related to λ ij (t) via
We can summarize Proposition 4 The random unitary dynamics (25) is Markovian (Λ t is divisible) if and only if γ ij (t) ≥ 0 for each pair (i, j) = (0, 0) and t ≥ 0.
In particular taking
and Λ D is a completely depolarizing channel corresponding to p α (t) = 1/N 2 . In this case W t = (1l N ⊗ Λ t )P + N defines a family of isotropic states in C N ⊗ C N with initial condition W 0 = P + N . One has λ kl (t) = p(t) for (k, l) = (0, 0) and hence γ kl (t) = −ṗ(t)/[N 2 p(t)]. It leads to the following local generator L t (ρ) = −ṗ (24) .
It is clear [26] that if Λ t is Markovian then
for i, j = 1, . . . , N − 1. Clearly, one obtains a nontrivial condition only for (i, j) = (0, 0). Using
m,n=0 γ mn (t) = 0, the above formula imply the following conditions for the time-dependent decoherence rates
where a mn;ij = 1 − Re ω jn−im . For N = 2 these conditions reduce to (16) . If n = 3 the formula (34) provides the following set of conditions γ 10 (t) + γ 11 (t) + γ 12 (t) + γ 20 (t) + γ 21 (t) + γ 22 (t) ≥ 0 , γ 01 (t) + γ 02 (t) + γ 11 (t) + γ 12 (t) + γ 21 (t) + γ 22 (t) ≥ 0 , γ 01 (t) + γ 02 (t) + γ 10 (t) + γ 12 (t) + γ 20 (t) + γ 21 (t) ≥ 0 , γ 01 (t) + γ 02 (t) + γ 10 (t) + γ 11 (t) + γ 20 (t) + γ 22 (t) ≥ 0 .
These are of course much more difficult to handle than simple condition (16) . However, preliminary numerical analysis shows that these conditions might be also sufficient for the negative information flow.
In conclusion we provide a simple example of qubit random unitary dynamics (2) and show that two concepts of Markovian dynamics based on divisible dynamical maps and negative flow of information diverge. Interestingly both concepts are fully characterized in terms of local generator: divisibility by (11) and negative flow of information by (16) . We stress that it is the first example of quantum dynamics which provide full characterization of the Breuer et. al. condition [17] in terms of local in time generator L t . Interestingly, condition (16) is also sufficient for the monotonicity of von Neumann entropy d dt S(ρ t ) ≥ 0 for all initial states ρ. Hence, the entropy may monotonically increase even for non-Markovian random unitary qubit dynamics. Our discussion can be easily generalized for arbitrary N > 2. We conjecture that conditions (34) are sufficient for the negative information flow. This point, however, deserves further investigation.
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